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Abstract—The effects of asymmetry in furnace temperature profile and pulling velocity on the crystal
interface shape are demonstrated while neglecting the latent heat of solidification. It is seen that the furnace
temperature profile may be varied in order to influence the shape of the melt—crystal interface. An exact
thermal analysis is then performed on the Bridgman technique by including the latent heat of solidification
as a source term. The exact temperature field required for yielding a flat melt—crystal interface is obtained.
The earlier observation regarding the influence of furnace temperature profile on the interface shape is
confirmed and a criterion for achieving a flat interface is obtained. Various furnace temperature profiles
are selected and their corresponding melt—crystal interface results are presented.

1. INTRODUCTION

THE BRIDGMAN technique for crystal growth involves
translation of a crucible containing a source material
through a multi-zone furnace, which is set at a certain
temperature profile [1]. As the ampoule passes
through the hot zone and enters the cold zone, the
source material solidifies into a crystal state. In prac-
tice, it is very difficult to manipulate the melt and
crystal temperature profile during the crystal growth.
However, in our analysis we consider the case of pre-
scribing a general temperature profile along the axial
boundary of the melt and crystal in order to control
the melt—crystal interface.

Stress and solute distributions at the melt—crystal
interface influence the quality of the grown crystal,
e.g. Jordan et al. [2], and Chang and Brown [3],
respectively. For crystal growth from pure systems
where solute distribution can be neglected, control of
the macroscopic shape of the interface is necessary in
order to grow a crystal with desirable quality for
device applications. Minimization of stress and imper-
fections in the crystal can be achieved by maintaining
a planar interface. One way of controlling the interface
shape is through the furnace temperature profile.
Herein, we investigate the effects of the furnace tem-
perature profile on the melt—crystal interface shape. A
criterion is developed for obtaining a planar inter-
face, while taking into account the effect of the latent
heat of solidification.

Several works have been performed where the tem-
perature profile and the melt-crystal interface shape
were determined ; one of the earliest analytical works

was performed by Chang and Wilcox [4]. They
analyzed an infinitely long ampoule with the bound-
ary condition of heat convection into a constant tem-
perature medium. They included the effect of crystal
pulling but ignored the heat source due to the released
latent heat of solidification of the melt. Later, Fu and
Wilcox [5] solved the same problem numerically and
added an insulated region between the hot and the
cold regions which was determined to be effective in
decreasing the dependence of interface shape to sys-
tem perturbations.

Huang et al. [6] studied the effect of unequal melt
and crystal thermal conductivities on the interface
shape. They employed a finite element technique to
solve for the temperature field, neglecting the released
latent heat of solidification. They also studied the effect
of anisotropy of the crystal thermal conductivity on
the melt—crystal interface shape. The conclusion was
that the interface shape is very sensitive to thermal
conductivities of the melt and the crystal. Jasinski et
al. [7, 8] analyzed the temperature field in an approxi-
mate manner. In the first paper, the axial dependence
of the temperature field is examined while the radial
dependence is neglected. In the second paper, the
radial heat flux is included by lumping the temperatures
of the crucible and the charge into single temperatures.
In both of these works, the latent heat of solidification
is neglected. Finally, Potts and Wilcox [9} performed
experiments on this phenomenon and presented their
observation regarding the melt—crystal interface
shape. They found that for certain parameter ranges,
the interface shape was strongly dependent on the
agitation and natural convection in the melt.
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f(2) dimensionless furnace temperature profile,
(F(2)-T,)/ T

fo  parameter used to represent constant f(z)

g(z) function used to construct furnace
temperature profile

go parameter used to represent constant g(z)

hy, latent heat of solidification

i integer used in summation

Jo  Bessel function of the first kind and zeroth
order

J,  Bessel function of the first kind and first
order
thermal conductivity of melt and crystal

n direction normal to solidification front

Pe  Peclet number, 2URg/o

¢  dimensionless heat flux in melt at
solidification front, [06,/8z] at z = z,,

g,  dimensionless heat flux in crystal at
solidification front, [00,/0z] at z = =,

Ag 4—q

R radial coordinate

R, radius of ampoule

NOMENCLATURE
C’s constants of integration used in Appendix ¥ dimensionless radial coordinate, R/R,
B S dimensionless parameter. ¢,T,, /A5
¢,  specific heat at constant pressure of melt T  temperature
and crystal T, temperature of melt
d* dimensionless furnace temperature as T, melting temperature
z — 0, see equation (13) T, temperature of crystal
d~ dimensionless furnace temperature as U  velocity of crystal pulling
z — — o0, see equation (13) Z  coordinate along ampoule
F(Z) furnace temperature profile Z., location of solidification front

ty

dimensionless coordinate along ampoule,
Z/R,

zm  dimensionless location of solidification
front, Z,./R,.

1

Greek symbols
o thermal diffusivity, k/pc,
v*  parameter used in furnace temperature
profile, equation (13)
vy~  parameter used in furnace temperature
profile, equation (13)
0 dimensionless temperature, (7 — T,,)/ T\
#,  dimensionless temperature in melt
6, dimensionless temperature in crystal
0, solution to unit step function as a
boundary condition at r = 1
A,  eigenvalues, equation (7)
dimensionless parameter involving crystal
pulling velocity, UR,(2x) = Pe/4
v modified eigenvalues, —pu+(u>+42)"?2
v,  modified eigenvalues, p+ (u*+43)"?
P mass density of melt and crystal.

The purpose of this paper is to investigate the effect
of the following parameters or conditions on the melt—
crystal interface during crystal growth from the melt
by the Bridgman technique.

(1) Combined and individual effects of the asym-
metric furnace temperature profile and the crystal
pulling.

(2) Heat of solidification.

In this analysis, we initially neglect the release of
the latent heat of solidification. This approximation
illustrates the effects of furnace temperature profile
and crystal pulling on the interface shape. Finally,
an exact analysis of the crystallization phenomenon
which includes the release of the latent heat of solid-
ification is performed. Because an exact solution
seems impossible, we adopt an ‘inverse’ approach in
solving a simple Bridgman crystal growth. While tra-
ditionally the furnace temperature profile is given and
the melt—crystal interface shape is sought, we proceed
to calculate the furnace temperature profile which

yields a prescribed interface shape, more specifically a
flat melt—crystal interface, hence an ‘inverse’ solution.

2. APPROXIMATE TREATMENT

In this part of the paper. the latent heat of solid-
ification released by the crystallization phenomenon
is assumed to be much smaller than the heat flux at
the interface of the melt and the crystal, and that its
effect on the crystallization process is negligible. This
assumption is reasonable for small pulling velocities.
In fact, this approximation becomes exact for a
stationary ampoule, i.e. U = 0.

2.1. Analytical model
The following assumptions are made in the present
model.

(1) Melt and crystal regions are much longer than
the crystal radius such that these regions may be con-
sidered to be infinitely long.

(2) Thermophysical properties of the melt and
crystal are equal and independent of temperature.
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(3) The coordinate system is attached to the fur-
nace.

(4) The melt solidifies at a constant temperature
T,.

(5) The furnace temperature is circumferentially
uniform.

(6) A quasi-steady state is achieved. That is, the
temperature profile in the melt or crystal at a fixed
axial coordinate is independent of time. As a result,
the location and the shape of the melt—crystal inter-
face becomes steady and will stay stationary with
respect to the furnace.

(7) The crystal is isotropic.

(8) The ampoule wall is ignored in order to isolate
the effects of the furnace temperature profile and the
pulling velocity. In the present analysis the tem-
perature boundary condition is chosen to be that of
the surface of the melt and crystal, i.e. the inner wall
of the ampoule wall. A good approximation for
accounting for the ampoule wall is to write a one-
dimensional conduction equation relating the tem-
peratures of the inner and outer walls of the ampoule
and the thermal resistance of the ampoule wall.

(9) The heat transfer coefficient in the furnace is
assumed to be large. As a result, the temperature of
the melt and crystal at the inner wall of the ampoule
is approximated to be equal to the furnace tempera-
ture. A good approximation to treat a finite heat trans-
fer coefficient is to add the convective resistance to the
ampoule wall resistance and employ the heat con-
duction equation similar to that mentioned in assump-
tion (8) above. Hereafter in this paper we refer to
our temperature boundary condition as the furnace
temperature profile.

(10) No natural convection is present in the melt.
It was observed by Chang and Wilcox {4] and Fu and
Wilcox [5] that melt natural convection in a vertical
Bridgman configuration was negligible for practical
crystal growth applications where ampoule radius is
small. Further, in microgravity applications, in the
absence of any strong gravitational field, natural con-
vection is strongly damped and is negligible.

(11) No thermal radiation effects are present in the
melt or crystal.

(12) The effect of impurities or solute con-
centration on heat transfer are neglected. For the pur-
pose of this study, we are interested in the heat transfer
analysis of pure single crystals, e.g. experiments by
Singh et al. {10] with lead chloride (PbCl,). Various
purification processes have been developed to reduce
the amount of impurities to insignificant levels neces-
sary for growing bulk crystals. For these situations,
therefore, it is not necessary to address the effect of
solute concentration or impurities in the melt.

Since the phase change (or the heat of crystal-
lization) is ignored here, and the melt and crystal
have equal thermophysical properties, the problem
reduces to that of pure conduction in a homogenous
medium. The physical model is depicted in Fig. 1. The
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FiG. 1. Physical model depicting the Bridgman technique
and the furnace temperature profile.

governing equation for the temperature field in the
melt and crystal is

UdT/8Z = a[0*T/OR*+(1/R)OT/OR+8°T/0Z*] (1)
with the boundary conditions

T=FZ) atR=R, 2

0T/OR=0 atR=0. 3)

The value of the function F at Z = 0 is arbitrarily set

to the melting temperature, i.e. F(0) = T,. This forces

the melt—crystal interface at the ampoule wall to be

located at Z = 0. The solution to equation (1) with the
boundary conditions (2) and (3) is (from Appendix A)

< Jo(4ir) 4

0=%

SN WD

xJ:o {e‘“f_"f(z+u)+e“”r‘+"f(z—u)} du (@)

where the modified eigenvalues are

v = —p+ (@4 €)
and
i =ptu i 6
and 4, is the ith positive root of
Jo(4) = 0. )

In equations (4)—(7), the following set of dimen-
sionless parameters is used :

r=R/R, ®
z=Z/R, ©)
0= (T—To)/Tn (10

it = Pe/d = UR,/(2)
f(2) = [F(Z)~ T,/ T

an
(12)
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2.2. Exponential and asymmetric furnace temperature
profile

Here, we assume an asymmetric and exponential
temperature profile in the furnace of the form (shown
in Fig. 1)

L fara—ey >0
f("‘{~d-(1—e>-") <0’

(13)
The exponential behavior is chosen for the purpose
of illustration and because it yields a simple closed-
form solution for the temperature field. Equation (13)
represents a continuous temperature profile in the
furnace. An additional restriction is made upon the
furnace temperature profile : that of a continuous tem-
perature gradient at z = 0. This restriction requires
that

dty" =dy7. (14)

The function f(z) in equation (4) may be replaced by
equation (13) to obtain the temperature field

0= i Jo(4ir) A {d+ d* ‘s

B =1 Jl(j't) (u2+)'i2)”2 vl“ V; +y+
d+ vtz d+ vtz eyt
+F(1—e ")+;?_ﬁy+(6 —eTr )
da —vtz d- -yt s -
_Fe +v,*+y’e } for z>0 (15)
and
< ‘]0(/11"‘) j'1

)

=1

d .
J,(2) (u2+/1,2)'“{_ T

d- - - . - A
—C (e — (@ e ) e
vl i - "/Y vl
d+

v+t

ev':} for z<0. (16)

Equations (15) and (16) represent the temperature
field. The crystallization front z,, is defined as the
location where the temperature is equal to the crys-
tallization temperature T,

0(r.zq) = 0. an

Equation (17) together with the temperature field,
equations (15) and (16), cannot be solved analytically
for the crystallization front. Therefore, these equa-
tions are solved numerically to obtain z,(r).

2.3. Effect of asymmetry

Here, the effect of asymmetry in the furnace tem-
perature profile on the melt—crystal interface shape is
considered. In order to isolate this effect, the pulling
velocity is set to zero. That is, U = 0 and therefore
vy =v =1, It should be noted that, under this
assumption, the approximation of no heat source due
to the latent heat of solidification becomes exact.

Upon investigating this problem mathematically, it is
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FiG. 2. Location of the melt—crystal interface for various
degrees of asymmetry.

observed that in the absence of the pulling velocity,
the only remaining parameters are y~ and 4~ /d*. The
position of the melt—crystal interface for y~ =1 and
various d~/d* is shown in Fig. 2. It is seen that the
interface is convex for d~/d* > 1 and that the degree
of convexity increases with the degree of asymmetry.
The interface shape for d~/d* < 1, on the other hand,
is concave and the degree of concavity increases as
d~/d* decreases. It can be shown that [z,(#)], =
—[z.(M], for (d*/d ™), = (d~/d™"),. where subscripts
1 and 2 represent two different cases. The case of
d~/d* =1 denotes a symmetric furnace tempera-
ture profile and yields a flat interface.

2.4. Effect of crystal pulling

The effect of crystal pulling on the melt—crystal
interface is studied next. To isolate this effect, the
furnace temperature profile is assumed to be
symmetric, thatis,d” =d* =dandy =7y" =7 The
position of the melt- crystal interface for various pull-
ing velocities is shown in Fig. 3. It is observed that the

0

:
e

CRYSTAL INTERFACE, zp

'
o
N

-0.3
1.0 0.5 0 0.5 1.0

RADIAL POSITION. 1

FiG. 3. Location of the melt—crystal interface for various
crystal pulling velocities.
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interface is concave and that the degree of concavity
increases with the pulling velocity. Not shown in the
figure are the cases of u > 0, thatis, for upward pulling
of the ampoule. For these cases the interface becomes
convex with the degree of convexity increasing with
the pulling velocity. Again, it may be shown that

[2a(] = —[zn(M]2 for py = — .

2.5. Combined effects of asymmetry and crystal pulling

Figures 2 and 3 indicate opposing effects on the
shape of the melt—crystal interface due to asymmetry
(for d~/d* > 1) and crystal pulling (for u < 0). This
suggests that the effect of one may offset that of the
other. To illustrate this, Fig. 4 shows the melt—crystal
interface for a particular pulling velocity while the
degree of asymmetry in the furnace temperature is
changing. As d~/d* increases the interface shape
approaches that of a flat surface and the degree of
concavity decreases. It is observed that no degree of
asymmetry could completely offset the effect of crystal
pulling, i.e. resulting in a flat interface. It may be
adequate, however, to study the case which results in
zero displacement at the center of the ampoule, i.e.
zn =0 at r = 0 (a nearly flat interface). This is the
subject of the next figure.

Figure 5 shows the degree of asymmetry necessary
to maintain zero displacement at the center of the
ampoule for each pulling velocity. As expected,
higher degrees of asymmetry are necessary for higher
crystal pulling velocities.

3. ANALYSIS: INCLUDING THE HEAT OF
SOLIDIFICATION

In this part of the work, an analysis which includes
the effect of the latent heat of solidification is per-
formed. All of the assumptions listed under Section
2.1 are also valid for this case.

CRYSTAL INTERFACE. zp,

1.0 0.5 0 0.5 1.0
RADIAL POSITION, r

FiG. 4. Location of the melt—crystal interface for various
degrees of asymmetry and crystal pulling velocities.
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FI1G. 5. Degrees of asymmetry necessary to maintain a nearly
flat interface as a function of the crystal pulling velocity.

3.1. Analysis

In this section the heat of solidification is included
in the balance of heat fluxes at the melt—crystal inter-
face, i.e. the complete Stefan-type problem will be
treated exactly. This means that an exact interface
condition at the crystallization front is adopted. This
condition is written as

—k[aTs/an]m = _k[aTl/an]m
+phs Ul[1+(0Z,/0R)*] (18)

where n is the direction perpendicular to the interface
and the subscript m means that the parameter is evalu-
ated at the crystallization front. The exact analysis of
this problem involves elaborate mathematical mani-
pulations and is beyond the scope of this paper.
To avoid this, we take advantage of the fact that
we are mostly interested in achieving a flat interface
between the melt and the crystal. For a flat interface,
equation (18) becomes

—k[0T,/0Z];, = —k[0T\/0Z]); +ph U (19)
or, in terms of dimensionless parameters
—4s= —qi+24/S (20)

where the dimensionless parameters S, ¢, and g, are
defined as

S =, T/l @1
q = [tael/az:lz:z"| (22)
g, = [00./07). ., (23)

This problem, just as the classical Stefan problem,
is nonlinear and therefore does not have a straight-
forward solution. To solve this problem, it is divided
into two simpler problems and the principle of super-
position is used. Figure 6 shows the breakdown of the
general problem. The two simpler problems are :
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FiG. 6. Dividing the general problem into two simpler problems.

(A) a moving medium with no phase change, with
the boundary condition 6 =g(z) at r =1 and the
additional requirement that 6 =0 atz=0;

(B) a moving medium with a surface heat source
at z = 0 and strength of

Ag=gq,—q = —2/S. (24)

The solutions to these two problems are presented in
Appendices A and B. The temperature field obtained
by superposing the two solutions is

_ = JO(Atr) ’;'z
'TA T A

XJ {e T gz +u)+e" " g(z—w)} du
4]

for =<0 (25)

and
0,=0,+*-1)/S forz>0 (26)

where 4, is given by equation (7), and v,’s are given by
equations (5) and (6). To maintain 6 = 0 at z = 0, it

is required (from Appendix A) that
forz > 0. 27

Accordingly, the furnace temperature profile may be
written as

g(z) = —e* g(—2)

f(&y= —e¥g(—)+ (¥ ~1)/S forz>0  (28)

f()=g() forz<0. (29)

The furnace temperature profile described in equa-
tions (28) and (29) guarantees a flat melt—crystal inter-
face. There are two degrees of freedom in this prob-
lem ; u and g(z). The parameter u is indicative of how
fast the ampoule is being pulled while the function
g(2) is indicative of the furnace temperature profile.

This function may be chosen to achieve a goal such
as uniform heat flux at the interface. In the following
sections, three such special cases of furnace tem-
perature profile will be presented.

3.2. Uniform interface heat flux

The function g(z) may be chosen to control the
dependence of the interface heat flux in the melt or
crystal on the radial position r. For example, a con-
stant heat flux at the melt—crystal interface may be
desired by the crystal growers. Upon differentiation
of the @ relation, equations (25) and (26), with respect
to z,evaluatingitat z = 0, and using equation (27), the
dimensionless heat fluxes at the interface are written as

Z Jo(4)
qs = : N

24y, R
|J.(),y)(;ﬁ+;.2j""~’£ e rgtdu (30)

G = gs+2p/S. (31)

In order to achieve constant heat flux at the melt—
crystal interface, the following property of the Bessel
functions is used :

(32)

It is seen that one way the interface heat fluxes in
equations (30) and (31) become independent of the
radial position is to have

e WD gy du = g,

Alut @ +40)"7] J -
(‘uz_f_/-tl:)uz

0

foralli. (33)

The above conclusion can also be achieved in a more
rigorous manner by expanding the function ¢, in
terms of Bessel functions of the first kind and zeroth
order and equating the coefficients of the similar terms.



Inverse heat transfer analysis of Bridgman crystal growth

Obviously, it is desired that the parameter g, in equa-
tion (33) be independent of the radial position r. Since
equation (33) holds for all i, the acceptable solution
for g(z) is one that does not depend on ;. This equation
cannot be satisfied exactly. However, for small g, i.e.
u <A, an approximate relationship may be obtained.
Assuming that

WP HAD"P = A+ 20+ (34

and substituting it into equation (33), and keeping
only the leading order terms in u result in

ii(li+u)'f e U g(u) du = g, (3%
0

or

J“’" e e M g(u) d(Au) = ¢,(A7 ' —pd?). (36)

0

The acceptable solution is

e #g(z) =az+bz* forz>0 37
while requiring
J:O e * aqud(lu) = g A" (38)
and
J:O e~ bu d(Au) = pg, Ay > (39)

These two integrals can be rewritten in terms of a new
variable v = Au to obtain

J e avdy = g, (40)

(1]
and
J‘ e " bt do = pg,. 1Y)
0

These definite integrals are evaluated and equations
(40) and (41) are solved for a and b. The function g(z)
can subsequently be written as

9(2) = q(z+uz?/2)e” forz>0 42)
or, using equation (27)
g(—2) = —q,(z+uz*/2)e ™ forz>0. (43)

The furnace temperature profile is calculated from
equations (28), (29), and (43) as

f(@) = q.(z+pz?/2) e +(* —1)/S forz>0
44)
f(@) = —q(—z+pz’(2) e~ (45)

There still exists two degrees of freedom; u and
g,- The solution so far includes a flat crystallization
interface and interface heat fluxes that are nearly inde-
pendent of the radial position. The parameter u again

for z < 0.
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FIG. 7. Furnace temperature profile for uniform heat fluxes
at the melt—crystal interface.

represents the velocity with which the crystal is pulled.
The parameter g,, while a measure of the interface
heat flux in the crystal, is also a measure of the furnace
temperature. The larger g;, the hotter the furnace.

Figure 7 shows the furnace temperature profile for
various parameters involved in the problem. The ver-
tical axis in this figure is —uz (u is negative). In
practical cases —u may become as large as 0.1. Con-
sidering an ampoule as long as ten times its diameter,
itis calculated that — uz may become as large as 1. The
furnace temperature profile behaves unconventionally
and crosses the crystallization temperature (i.e. f = 0)
one time before going to —1/S as z — oo (Fig. 7) and
becoming very large in magnitude as z —» —oo. But
practically, we are interested in the range 1>
—uz > —1 which is the range shown in Fig. 7. It is
seen that the temperature gradient is discontinuous
at z = 0. This is required to accommodate the latent
heat of solidification released at the melt—crystal inter-
face. The figure also shows that for large enough — uz
the temperature profile crosses the crystallization tem-
perature meaning that the melt material becomes solid
again. Obviously this was not considered in the
modelling of the problem, and therefore such a con-
clusion should be avoided by concentrating only on a
smaller uz.

Finally, Fig. 7 shows the results for S — oo which
is equivalent to assuming negligible latent heat of
solidification. This curve when compared with the
one for the actual S shows the error associated with
neglecting the latent heat of solidification.

3.3. Uniform furnace temperature for z < 0

Another plausible candidate for the furnace tem-
perature is a uniform profile. This is desirable due to
experimental limitations. Therefore, we assume that

92 = —go (46)

The parameter g, is arbitrary and indicates the tem-

for z< 0.
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F1G. 8. Furnace temperature profile for uniform temperature
in the cold region.

perature level of the furnace. Substituting equation
(46) into equations (28) and (29), the furnace tem-
perature profile is obtained as

f(2) =goe™ + (¥ ~1)/S forz>0 (47)
f(@) = —go (48)

Note that the discontinuity in the temperature is
not in conflict with the earlier requirement that
FZ=0)=T,, ie. f(z=0)=0, if, as in Fourier
analysis, f(0) is written as

f(0) = %{f(OJr)‘*'f(O_)} = %{go—go} =0.

Figure 8 shows the required furnace temperature
profile according to equations (47) and (48). As
expected, the temperature is uniform in the lower part
of the furnace. At z = 0, there is a jump in the tem-
perature. Thereafter, the temperature drops expo-
nentially. This is somewhat uncommon since most
furnaces are set so that their temperature increases
with z in the upper half of the ampoule. Again, it is
observed that far from the interface at some z the
temperature of the furnace drops below the melting
point which means the melt material should be in the
solid state.

Again the special case of §— oo is plotted. In this
case, the furnace temperature profile in the positive z
region is uniform. This compares well with the earlier
studies where the furnace consists of uniform hot and
cold regions, and the latent heat of solidification is
ignored. In those studies the melt—crystal interface
obtained was flat.

for z < 0.

(49

3.4. Uniform furnace temperature for z > 0
Finally, the furnace temperature for the upper part
may be assumed to be constant as

f@=r
The function f for z < 0 may be obtained by sub-

for z > 0. (50)
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F1G. 9. Furnace temperature profile for uniform temperature
in the hot region.

stituting equation (49) in equation (28) and solving
for g(z). Then, f(z) is written from equation (29) as

f(@) = (1—e*)/S—foe™ forz<0. (51)
Again, we have
) =3O )+1(0)} = Hfo—fo} =0. (52)

Figure 9 shows this furnace temperature profile.
Similar to the previous case, there is a temperature
discontinuity at the crystal interface. The furnace tem-
perature in the cold region becomes colder as it gets
further away from the crystal interface which is similar
to the conventional furnaces.

3.5. General comments regarding the furnace tem-
perature profiles

Figures 7-9 show the required furnace temperature
profiles in order to maintain a flat melt—crystal inter-
face and some prescribed furnace characteristic, e.g.
constant temperature in the cold region. It should be
remembered that there is not complete freedom in
choosing the furnace temperature profile. The limi-
tation is indicated in equation (27). This equation,
however, only relates the temperature profiles in the
hot and cold regions of the furnace (see equations
(28) and (29)). Therefore, the selection of g(z) in the
positive or negative z region is completely without
any restriction. As a result, any desired profile may
be prescribed for g(z). Subsequently, equations (28)
and (29) may be used to find the corresponding fur-
nace temperature profile.

The furnace temperature profiles depicted in Figs.
7-9 are mathematical results of the desired charac-
teristics, e.g. constant temperature in the cold region
of the furnace. These profiles may not be readily
attainable in a laboratory setup. For example, the
profiles in Figs. 8 and 9 require a temperature dis-
continuity at z = 0. Although such a profile is not
practical, a furnace approaching this profile may be
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designed by using effective insulation around the
location of z = 0. Therefore, these temperature pro-
files are best utilized if looked upon as ideal goals that
the real furnaces should approach.

Finally it should be noted that the common value
of the parameter — p corresponding to the Bridgman
setups is about 0.05. Therefore, the practical range of
interest in the — puz coordinate is (assuming an aspect
ratio of 10 for the ampoule)

—05< —puz<0.5. (53)

This limited range will eliminate some anomalies in
the obtained temperature profiles. For example, the
hot region of Fig. 7 indicates a temperature profile
that first increases and then decreases, eventually
resulting in melt resolidification (i.e. 8 < 0). Accord-
ing to equation (53), the profile in Fig. 7 does not show
the above mentioned anomaly within the concerned
range and may be viewed to be reasonable.

4. SUMMARY AND CONCLUDING REMARKS

A simplified Bridgman technique is analyzed. The
effects of crucible wall, solute concentration, melt con-
vection, and variable thermophysical properties are
ignored. Neglecting the heat source due to the latent
heat of solidification, it was shown that the melt—
crystal interface shape is influenced by the furnace
temperature profile and the pulling velocity. It was
observed that asymmetry in the furnace temperature
profile and pulling velocity may have opposite effects
on the interface shape and that these effects may never
completely counterbalance each other and yield a flat
interface. However, some results were obtained rela-
ting the required degree of asymmetry for each pulling
velocity in order to achieve a nearly flat interface.

Later the effect of latent heat of solidification was
included. The resulting temperature field was obtained
for the case of a flat interface. This exact analysis
also provided a criterion for the furnace temperature
profile in order to obtain a flat interface. Thereafter,
various furnace temperature profiles were adopted
and the corresponding results were presented. It was
seen that most of the calculated furnace temperature
profiles were unlike the common profiles where the
furnace temperature monotonically increases from the
cold to the hot regions.
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APPENDIX A. A MOVING MEDIUM WITH
9=g(z) AT r=1

The schematic of this problem is shown in Fig. 6(A). In
order to solve this problem, we start with the solution to a
unity step function boundary condition and then apply the
principle of superposition to obtain the solution to a more
general problem. The unit step function boundary condition
is written as

=1 at (Al)
0=0 at (A2)

The solution to this problem may be obtained from Carslaw
and Jaeger [11] and with a little manipulation is written as

r=1 and z>0

r=1 and z<0.

o vi Jo(dur) vtz
0u=1—‘_]m-)-”—2€ for z>0 (A3)
o« v Jo(4r)

0,=Y —————5—5¢"° forz<0 (A4

L= RaTGaee e st (A9
where the subscript u is used to denote that the solution is
for a unit step function boundary condition. The eigenvalues
/; and the modified eigenvalues v;" and v, are defined as

Jo(A) =0 (A5)
V= —p (420 (A6)
voo=pu+ @492, (A7)

Now, the principle of superposition may be used to obtain
the general solution as

e=g<—oo)ou(z;—oo)+f (9/d0)0.( 0 L (AB)

where 8,(z ;{) is the solution to a unit step function located
at z = {. Equation (A8) may be integrated by parts to obtain

6= — f 9Q8.(z; 0jaC] L. (A9

In obtaining equation (A9), the following properties of the
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solution to a unit step function, equations (A3) and (A4),
have been used :

Jim 0,(50) = 1 (A10)
and
_lim B,(z:0) =0. (ALl)

Equation (A9) can now be evaluated by replacing 0, from
equations (A3) and (A4) to obtain
hd JO (/ r)

0=
1:1 (,U +l‘)l ?

J {fe™" " g(z4+u)

+e T glz—u)} du. (A1)

In addition to the boundary conditions imposed so far, this
problem requires that 8(r,0) = 0. It may be concluded from
equation (A12), when evaluated at z = 0, that the only poss-
ible solution is to have the integrand identically equal to
zero. This reduces to a restriction on g(z) as

g(z) = —e™ g(~2z). (A13)

APPENDIX B. A MOVING MEDIUM WITH
SURFACE HEAT SOURCE AT z=0

The schematic of this problem is shown in Fig. 6(B). Since
the heat source is uniformly distributed on a flat surface and
there is no boundary condition imposed at7 = 1, the problem
reduces to that of a one-dimensional case. The governing

equation is written as
d?0/dz? = 2udfjdz (B1)

with

K. TacHAVI and W. M. B, DuvaL

=0 atz=20

—_ f:(}_@ + % = A
dz .o+ dz Lo~ 4

where Aq is the strength of the source at the plane z = 0. The
general solution to equation (B1) is

f=C e +C,. (B4)

Taking into consideration that u < 0, the acceptable solution
is

(B2)
and

By

f=Cre™ +Cf (B5)
8=C; (B6)

Applying boundary condition (B2) and interface condition
(B3) yields

forz>0

forz < 0.

=C{+Cf =0 {B7)
and
T o= —Ag2u. (B8)
The solution can now be written as
0= —(Ag2wy{e™ -1} forz>0 (B9
=0 forz<0. (B10}

The heat source Ag is related to the velocity of the moving
medium as

Ag = —~2u/S. (B

Substituting equation (B11) into equations (B9) and (B10)
yields

0= (¥ ~1/5 forz>0
=0 forz<9.

(B12)
(B13)

ANALYSE DU TRANSFERT THERMIQUE INVERSE DE LA CROISSANCE DU CRISTAL
SELON BRIDGMAN

Résumé—Les effets de la dissymétrie du profil de température d’un four et de la vitesse de déformation de
U'interface du cristal sont démontrés en négligeant la chaleur latente de solidification. On voit que le profit
de température du four peut étre modifié de fagon 4 changer la forme de Pinterface du cristal. Une analyse
thermique exacte est conduite sur la technique de Bridgman par introduction de la chaleur latente de
solidification comme un terme source. On obtient le champ de température exact nécessaire pour former
un interface plat bain—cristal. L’observation antérieure concernant Pinfluence du profil de température du
four sur la forme de I'interface est confirmée et on obtient un critére pour un interface plan. Plusieurs
profils de température du four sont sélectionnés et les résultats correspondant 3 Uinterface sont présentés.

INVERSE ANALYSE DES WARMETRANSPORTS BEIM BRIDGMAN-
KRISTALLWACHSTUM

Zusammenfassung—Der EinfluB einer asymmetrischen Temperaturverteilung im Ofen und die Auswirk-
ungen der Ziehgeschwindigkeit auf die wachsende Kristalloberfliche werden dargestellt, wobei die zur
Verfestigung bendtigte latente Warme zunichst vernachlissigt wird. Es zeigt sich, daB mit einer Variation
des Temperaturprofils im Ofen die Form der Grenzfliche zwischen Schmelze und erstarrendem Kristall
beeinflult werden kann. Mit Hilfe der Bridgman-Technik wird der Vorgang thermisch genau untersucht,
wobei auch die Kristallisationswiirme als Wirmequelle berticksichtigt wird. Es ergibt sich das exakte
Temperaturfeld, welches aufgeprigt werden mufB, um eine flache Kristalloberfliche zu erzeugen. Eine
frithere Untersuchung zum EinfluB der Ofentemperatur wird bestétigt, und ein Kriterium fiir eine flache
Oberflache wird angegeben. Es werden verschiedene Temperaturprofile des Ofens ausgewihlt und die dabei
entstehenden Kristaliformen vorgestellt.

AHAJIM3 OBPATHOI'O TENJIOIIEPEHOCA I1PM BBIPAIMMBAHWHM KPUCTAJUIOB 1O
METOLY BPUIKMEHA

AnnoTaima—B NpeHeOPEeKCHHH CKPHLITOH TEIUIOTOH 3aTBEPAEBAMHS OKA3aHO BAMSHHE ACHMMETPHH
TEMIIEPATYPHOro NpOQHAA MEeUH X CKOPOCTH BBITATHBAHHA Kpuciayina Ha GopMy ero mexdassoi
rpanuiisl. BoigBneHo, YTO [Uid OKa3aHUS BAMSHHAS Ha GOPMY NOBEPXHOCTH Pa3fAt/ia MeXOY PaciUIaBoM H
KPHCTAJIIOM MOXHC BapbHpOBATL Temmepatypuuii npoduns newm. Ilposenes TouHbii TerioBol
ananu3 Merona Bpuakmesa ¢ y4eTOM CKPBITON TEIUIOTHI 3aTBEPACBaHHA B KAMECTBE HCTOMHHMKOBOTO
unesa. ITonydeno TowHoe TemmnepaTypHoe Hone, TpebyeMoe JUiS MOJNYYSHHS IUIOCKOH IOBEPXHOCTH
pasgena Mexzy pacnaasoMm H kpucrayuiom. TloxrsepxieH chenaHHbLi panee BHIBOX OTHOCHTENHHO
BIHSHHUS TeMIepaTypHOro npoduns newn Ha hopmy Mexdazsoll rpanRunbl, 2 TAKKE HONy4eH KPHTepHil
s mnocko#t rpanunsl, Clenad noAGOp pasiuYHEIX TEMIEPATYPHEIX npodmiell news ¥ ApencTaBicHb
COOTBETCTBYIOLIKE PE3yNIBTAThI 1A TOBEPXHOCTH pasfesia Mexy PacIIABOH # KPHCTAJUIOM.



